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Abstract 


The joint distribution of maximum increase and decrease for Brow¬ 
nian motion up to an independent exponential time is computed. This 
is achieved by decomposing the Brownian path at the hitting times 
of the infimum and the supremum before the exponential time. It is 
seen that an important element in our formula is the distribution of 
the maximum decrease for the three dimensional Bessel process with 
drift started from 0 and stopped at the first hitting of a given level. 
From the joint distribution of the maximum increase and decrease it 
is possible to calculate the correlation coefficient between these at a 
fixed time and this is seen to be -0.47936... . 


Dans cet article nous determinons la loi conjointe de la plus grande 
montee et de la plus grande descente d’un monvement brownien arrete 
en un temps exponentiel independant. La preuve repose sur la de¬ 
composition de la trajectoire brownienne aux instants oil le processus 
atteint son maximum, resp. son minimum, avant le temps exponentiel. 
La loi de la plus grande descente d’nn processus de Bessel, de dimension 
trois, issu de 0 et arrete lorsqu’il atteint un niveau hxe, joue egalement 
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un role important. Le coefficient de correlation lineaire de la grande 
montee et de la plus grande descente d’un mouvement brownien arrete 
en temps fixe est determine : -0.47936... . 

Keywords: transform, time reversal, path decompositions. Brow¬ 

nian motion with drift, excursion process, maximum process, ltd mea¬ 
sure, maximum drawdown, covariance, Catalan’s constant. 

AMS Classification: 60J60, 60J65, 60G17, 62P05. 
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1 Introduction and notation 


1. In this paper we are interested in the joint distribntion of the maximum 
increase and decrease for a standard Brownian motion, for short BM. Let 
us start with some notation. Let := C(R+,R) be the space of continuous 
functions oj : R+ h-^ R and Xtioj) = a;(f), t > 0, the coordinate mappings. 
With every uj we associate its lifetime ({u) G (0, cx)] and consider Xt to be 
dehned for t < C{uj). The standard notation Tt is used for the cx-algebra 
generated by the coordinate mappings up to time t, and we set X := 

Further, and denote the probability measure and the expectation 
operator on under which the coordinate process X = {Xt : t > 0} 

is a Brownian motion with drift fi started from x, for short BM(/i). For 
simplicity, and E^, stand for the corresponding objects for BM. 

The maximum increase before time t is dehned as 

:= sup (W - Xu) 

0<u<v<t 

and, analogously, the maximum decrease 

D~ := sup {Xu - Xu) 

0<u<v<t 

Notice that, e.g., 

D{~ = sup I sup Xu — Xu 

0<v<t \0<u<v 

Using the Levy isomorphism, i.e., under Pq 

{X+ := sup Xu-Xu : v>0} {\Xu\ : n > 0}, (1.4) 

0<u<v 


( 1 , 1 ) 

( 1 . 2 ) 

(1.3) 


where = means “to be identical in law with”, it follows from identity ca 
that 


Po(A > a) = Po(-^a A H_a < t) (1.5) 


with 

Hb := mi{t : Xt = b}, be R, 


the hrst hitting time of b (in the canonical setting) with the usual convention 
that Hb = +CX) if the set in the braces is empty. From the equality (13 
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applying, e.g., jl] 1.3.0.2 p. 212, and 3.1.1.4 p. 333 we obtain 


+ 00 „ 

p„(Dr > o) = (-i)‘ / 

k=-oo 


ds 


{2k + l)a -(2k+l)^a^/2s 


= 1 - 


\/27lt 


ra 

( — 1)^ / dx _ ^-{x+ika+2af /2t\ ^ 


k=—oo 


Notice also that dne to the symmetry of standard Brownian motion we have 

{Di :t>0} '=’ {D* : ( > 0}, 

and this holds under P^, for any x G R. We refer to Douady, et al. |S] for 
results concerning the distribution of maximum increase and related func¬ 
tionals up to a hxed time in the case of Brownian motion. 

For Brownian motion with drift the result corresponding to (Q states 
that under the process : n > 0} is a reflected Brownian motion 

on R_|_ with drift —p, for short RBM(—/i), (see, e.g., Harrison jjj p. 49, 
and McKean m p- 71), more precisely, it is a diffusion on R+ with basic 
characteristics as given in jl] Al.16 p. 129. The probability measure on 
(11, JF) associated with (under P^) is denoted by P“'^’+. Clearly, we have 
for a given a > 0 

P;(A- > a) = < t). (1.6) 

Similarly, dehning 

XC:=X,- inf X, 

0<u<i; 

it holds under P^ that the process X~ is a RBM(p.). Letting P^’+ denote 
the measure associated with X~ we have 


PS(B+ > o) = < t). (1.7) 

For an explicit expression of the P^-distribution of D ~[, see Domine jH] where 
the method based on spectral representations is used. In Magdon-Ismail et.al. 
[H] formulas for the mean of are derived. 

2. Unfortunately we are not able to determine explicitly the distribution of 
{Df,D^), but replacing t by T, that is, an exponentially distributed ran¬ 
dom variable independent of X with mean 1/A, allows us to hnd the P- 
distribution of {D^,D^), see Proposition 14.51 and 14.61 We remark that the 
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marginal P^-distributions of and Dj, are easily computed from (HID and 
(USD, respectively. Indeed, using standard diffusion theory and some explicit 
formulas (see e.g. |3j p. 18 and 129) yield 

>a) = Eo (exp(-Ai7„)) = lM(a; -/r) (1.8) 

and 

Po(^T > «) = l/^A(a;Ai) (1.9) 

with 

'il)x{a]i>) := ^ch(a a/ 2A + z/^) + - sh(a V2A + t^^)^ . 

In our approach for finding the joint distribution we consider first the case 
where the infimum is attained before the supremum. In this case it is clear 
that the maximum increase is nothing but the difference of the supremum and 
the infimum, and, in a sense, we have reduced the problem to the problem 
for finding the distribution of the maximum decrease. The opposite case 
where the supremum is attained before the infimum is clearly treated using 
symmetry. 

It is natural when the infimum is attained before the supremum to de¬ 
compose the exponentially stopped Brownian path into three parts: 

o the first part is up to the hitting time of the infimum, 

o the second part is from the hitting time of the infimum to the hitting 
time of the supremum 

o the third part is from the hitting time of the supremum to the expo¬ 
nential time. 

We prove in Theorem 1.8.51 that these three parts are conditionally indepen¬ 
dent given the infimum and the supremum, and find their distributions in 
terms of the three dimensional Bessel processes with drift. Our approah 
is mainly based on the fi-transform techniques, excursion theory and path 
decompositions of Brownian motion with drift. 

The above described path decomposition up to T permits us to determine 
the joint distribution of since now = St — It and, under 

this decomposition, is the maximum of the maximum decreases of the 
three conditionally independent fragments. To find the distribution of the 
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maximum decrease for the first and the third part is fairly straightforward 
diffusion theory. To compute the maximum decrease for the second part is 
eqnivalent for finding the distribntion of the maximnm decrease for a three 
dimensional Bessel process with drift (see Proposition 12.51) . 

Althongh the distribntion and the density fnnction of D^j.) are com¬ 
plicated it is possible to determine by the scaling property of BM the covari¬ 
ance between Df and and this is given by 

E(D+D-) = (l-21og2 + 2/?(2))t, 

where 

OO 

/3(2) := {2k + l)-2 = 0.91596... 

k=0 

is Catalan’s constant. Hence, the correlation coefficient p between and 
is easily obtained to be 

E(D+A-) - (E(Ay)" 

-VaAD?)-= -0-47936.... 

3. One motivation to stndy the maximnm decrease and increase comes from 
mathematical finance where the maximnm decrease, also called maximnm 
drawdown (MDD), is nsed to qnantify the riskyness of a stock or any other 
asset. Related measures used hereby are e.g. the recovery time from MDD 
and the duration of MDD. Our interest to the problem discussed in the paper 
was arised by Gabor Szekely who asked for an expression for the covariance 
between Df and D'[. 

4. The paper is organised so that in the next section we find the distribntion 
of the maximum decrease of a stopped Brownian motion with positive drift. 
In fact, we compute this distribution under the restriction that the process 
does not hit some negative level, and proceed from here to the distribntion of 
the maximnm decrease for a three dimensional Bessel process with drift. In 
the third section path decompositions are discnssed. To prove onr main path 
decomposition Theorem Ea we first prove a decomposition of the Brownian 
trajectory {Bt '■ t <T} conditionally on It (see Theorem 13.211 . The fourth 
section is devoted to computation and analysis of the law of (D^, D^). 


6 



2 Maximum decrease for stopped Brownian mo¬ 
tion with drift 

According to inj. the maximum decrease up to the first hitting time of a 
given level (3 is 


:= sup{X„ - : 0<u<v < Hfs}. 

In this section we consider the P'^-distribution of D7, under some additional 
conditions and conditioning. Recall that 


S^ix) := -(1 - 

is the scale function of BM(/r) and for a < x < 6 


( 2 . 1 ) 


< Hi) = 


S^ih) - Sf(a) 
Proposition 2.1. For all nonnegative a,/3, and u 


( 2 , 2 ) 


^ ^ ^ H_a) — < 


exp 








, u < a, 


exp 


S>^{u 
S>^{a) 

U^(« + /5)’ 


P + a — u 
S-i^{u) 

a < u < a + P, 

a + P < u, 


In particnlar, 


PoiDn, <u)= exp 


P 




For standard Brownian motion, i.e., /i = 0, the above formulas hold with 
S%u) = u. 


Proof. We assume that Xq = 0, and define for a > 0 


Ha+ := inf{t : Xt > a}. 
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For a given a > 0, in the case Ha+ > Ha, let 

(^) • ® 0 ^ M <C Ha-\- Ha, 

and, if Ha+ = Ha, take := d, where d is some fictions (cemetary) state. 
The process 

= {S+ : a > 0} 

is called the excnrsion process, associated with X, for excnrsions nnder the 
rnnning maximnm. Let, further, 

Ma := sup{S+(m) : 0 < m < Ha+ - Ha}. 

An obvious but important fact is that 

Dh =supMa. (2.3) 

a<l3 


Introduce also for m > 0 


■= inf{a >0 : Ma> u]. 


and 

:= inf{a > 0 : a — Ma < —u}. 

Then it holds for positive a,P, and u 

{Djj^ <u} = {WaE {0,f3) : Ma<u} = > P], 


and 

{Hfs < if-4 = {V a e (0,4 : a - M, > -a} = > P}; 

hence, for 0 < u < a + P 

PS(c;;_ < u,H^< = pgK„ >p,c>m- (2.4) 

Since under is identical in law with RBM(—/i) it follows that the 
excursion process is identical in law with the usual excursion process of 
RBM(—/r) for excursions from 0 to 0. Consequently, see Pitman and Yor 

m, 

n = {(a,il4) : a > 0} 
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is a homogeneous Poisson point process with the characteristic measure 


where for m > 0 

Introduce the sets 


h'{da,dm) = dan{dm), 
n{{m,+oo)) = 


A := [0, j3) X [u, +CX)) and B := {{a,m) : 0<a<j3,a — m< —a}, 

and let N denote the counting measure associated with H. Now we have 

> /3, C > /3) = P^oiN{A UB)=0) 

= exp (-z/(A U B)). 

It is straightforward to compute ^{A U B) for different values on a, j3, and u, 
and we leave this to the reader. Consequently, by (Q, the claimed formula 
is obtained. □ 


Obviously, > jd and for 2 ; > 0 


{Dt,, -l3<z} = {H^< H..}. 

Consequently, we have from Proposition 12.1 I the following corollary giving an 
expression for the joint distribution of and Djj^. Notice that 

D„^ < BS, <D„^+li 

explaining the three cases below. 


Corollary 2.2. For v > (3 and jj. > 0 


exp 


/9 


H/3 < < '^) 


- P) 
Si^iu) 


exp 


- p) 


U < V — P, 


V — u \ 

S->^{u)) ’ 

V — P < U < V, 

V < u, 


For standard Brownian motion, i.e., a = 0, the above formulas hold with 
S%u) = u. 
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We proceed by developing the result in Proposition l2.1l for a 3-dimensional 
Bessel process with drift > 0, for short BES(3, fi). We recall that BES(3, /r) 
is a linear diffusion with the generator 

= 7 : ^ + f^coth{ixx) X > 0. (2.5) 

2 dx^ dx 


The notation is used for the probability measure on the canonical space 
associated with BES(3,/r) when started from a; > 0. In the case p. = 0 the 
corresponding measure is simply denoted by Qx and the generator is given 
by 




1 Id 

+ 


a; > 0. 


( 2 . 6 ) 


2 da:^ ' x dx' 

The following lemma is a fairly well known example on transforms. To 
make the presentation more self contained we give a short proof. It is also 
interesting to compare the result with Eemma f3.1l in the next section. 


Lemma 2.3. Let 0 < x < y be given. The Brownian motion with drift y 
started from a; > 0, killed at the first hitting time of r/, and conditioned to 
hit y before 0 is identical in law with a 3-dimensional Bessel process with 
drift |/i| started from x and killed at the first hitting time of y. 

Proof. In our canonical space of continuous functions with Xq = x we have 
for a given f > 0 


{t < Hy < Hq} = {t < Hy a Hq , Hy o 9t < Hq o 9 , 

where 9. is the usual shift operator, i.e., Xg o 9t = W+t. Hence, for any 

At ^ Tti 


PfiAt ,t<Hy\Hy<Ho) 

= ,t<HyAHo,Hyo9t<Hoo < H^) 

= E^(/ri(W) ;At,t<HyA Ho)/hix) 


by the Markov property, where 


hi{x) 


< Ho) 


Sf^ix) - ^^(0) 
- 5/^(0) 


1 - 

X _ Q-^yy ■ 
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Consequently, the desired conditioning can be realized by taking the Doob 
/i—transform (with h = hi) oi the Brownian motion with drift killed at 
Hy A Hq. The generator of the /i—transform is 

Id? d h'{x) d 
2 dx"^ ^ dx~^ h{x) dx' 

which is easily seen to coincide with (I2.5fl with |/x| instead of /i. □ 

Remark 2.4. Analogously as above, it can be proved that BM(p.) started 
from a: > 0 and conditioned not to hit 0 is identical in law with BES(3,jp,j) 
started from x. 

Proposition 2.5. For /d > u > 0 

< “) = - “)) ■ 

For the 3-dimensional Bessel process without drift, i.e., p, = 0, the above 
formula holds with S^{u) = u. 

Proof. Note that under Qg, it holds a.s. on > u} that 

= ^Hp ° ■ 

Therefore, applying the strong Markov property at time Hu yields 

Hp > u) = > u), 

and from Lemma lOI 

>«) = >u\Hs<Ho) 

= >u,H„< < H„) 

= >U, 

The proof is now easily completed from Proposition n 
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3 Path decompositions 

The main path decomposition results presented in this section are stated in 
Theorems Ha and lT5l In the first one we consider the decomposition at the 
global infimum and the second one gives, roughly speaking, the decomposi¬ 
tion of the post part of the previous decomposition at its global supremum. 

We begin with by stating the following lemma which is proved similarly 
as Lemma o 

Lemma 3.1. Let 0 < x < y be given. The Brownian motion started from 
X > 0, killed at the hrst hitting time of y, and conditioned by the event 
Hy <C a wliGTG T IS 3>ii GxponGiitis^lly distrihutGcI rHndoin vR-riR-hlG with 
parameter A mdependent of thG Brownian motion, is idontical in law with 
BES(3,V^) started from x and killed at the hrst hitting time of y. 

Proof. We adapt the proof of Lemma ESI to our new situation. For t > 0 we 
have 


{t < Hy < Ho AT} = {t < Hy A Ho AT, Hy O 9t < {Ho AT) O 

Hence, using the memoryless property of T we get for At G 

^ x{At , t < Hy I Hy < Hq a T) 

= 'Eix{h2{Xt) ] At, t < Hy A Ho A T)/h2{x) 


with 


h 2 {x) = B,{Hy <HoAT) = P,{Hy < Ho, Hy < T) 

= sh(xV^)/sh(r/'\/^) 

(see H] 1.3.0.5(b) p.212). 

Consequently, the desired conditioning can be realized by taking the Doob 
fi— transform (with h = h 2 ) of a Brownian motion killed at time Hy A Ho AT. 
The generator of the fi—transform can be computed in the usual way, and is 
seen to coincide with the generator of BES(3, a/^) (see (I^ L □ 

We let, throughout the paper, T denote an exponentially with parameter 
A distributed random variable independent of X under Pq, and define 

It := inf{Xt : 0 < t < T} , St ■= sup{Xi : 0 < t < T} 
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and 


Hi := inf{t : X* = It} , Hg := inf{t : X* = St). 

Next we discuss the path decomposition at the global inhmum for Brown¬ 
ian motion killed at T. If nothing else is stated the coordinate process is 
considered under Pq. 

Theorem 3.2. 1. The processes {X^ : 0 < t < Hj} and {Xt-i — Xt : 0 < 
t < T — Hi} are independent and identically distributed. 

2. Given It = a 


1. the pre-Hi process {Xt : 0 < t < Hi} and the post-Hi process {Xhj+i '■ 

t)<t<T — Hi} are independent. 

2. the pre-Hi process is identical in law with a BM(—\/^) killed when it 

hits a, 


3. the post-Hi process is identical in law with the diffusion Z started from 
a and having the generator 


Q^u{x) 



hffx 





where x > a and 


(3.1) 


h3{y):=P,{T<H„) = l-e->'^, y > 0. (3.2) 

Moreover, Z is the Doob h-transform with h = h^^- — a) of BM killed 
at time T A Ha. 


Proof, a) We have two different proofs: the hrst one is "direct" in a sense that 
we compute the conditional hnite dimensional distributions, the second one 
relies on excursion theory of Brownian motion. From our point of view the 
both proofs contain interesting elements which motivates the presentation of 
both of these. 

b) We begin with the direct proof of claim 2. Dehne for s < t 


and 


Is,t := inf{X^, : s <u<t}, h := 

■= e (s,t) : X„ = ■= Hi^^. 


13 



Let u, V, and t be given such that 0 < u < v < t. For positive integers n and 
m introduce 0 < ui < ■ ■ ■ < Un < u and 0 < vi < ■ ■ ■ < Vm with Vm + v < t. 
Define also 

-A-n . G dxi,... ^ Xy^^ G dxn}y (3.3) 

and 

Bm ■= {^,.1 e dyi,Xy^ G dym}- (3.4) 

Consider now for m < s < n 


Po(^n; It £ da, iL/j G ds, o 9y, Xf G dz) 

Po(^n) lu ^ Iu,v ^ da, „ G ds, ly^t ^ Bm 9y, Xi G dz) 

Pq (^-A-ny lu ^ Pq (^Iu,v ^ da, Hiy „ G ds, ly^t ^ B^y o Oy, Xf G dz | X u)) . 

Further, 

Pq (^Iu,v ^ da, G ds, dy^t ^ ^ 9y, Xf, G dz | J~y) 

Pq i^Iu,v ^ da, Hi^ „ G ds, Pg (^Iv,t ^ o g dz | y) | y) 

Pq (^Iu,v ^ da, G ds, Pq (^dy^t ^ ^ G dz | Xy) | Xy) 

by the Markov property. Letting p'^ denote the transition density (with 
respect to 2 dx) of BM killed when it hits a and writing Xy = z^ we have 

P 0 (^dy^t ^ BrfYi O Oy, Xf G dz I Xy) 

= p""{viy Z2y yi) 2dyi .p+(t - n - r/^, z) 2dz 

■ d^v\,...,vm,t—v{,^ 2 y yiy ■ ■ ■ y 2/m) ^) 2dy\... 2dz. 

Introduce 

72a;(a,a) := P3,(ida G da)/dQ;, (3.5) 

and recall the formula due to Levy 


Pxidy G da. Hip G da,Xfi G dz) 

= Px{o., a) pz{a, fd — a) da 2 dz da, a < (3. (3.6) 

Applying (13.611 and putting Xy = Zi we obtain 

Pq (^dy y G da, Hj^ ^ G ds, Pg i^dy i > a, Byy o Oy, Xj, G dz | X y) | X y) 

2dz2 Pzx (O) s — u) pz2 (O) V — s) da ds 

^ Fv\,...,vm)t—v ( 2 ^ 2 ) 2 / 1 ) • • •) 2/m) 2^) 2dy\... 2d2/m 2dz, 
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and, finally, 


(3.7) 


PQ(^y4^, Ii G djQj^ ^ B^n ^ ^V) ^ dz^ 

poo poo 

= / 2dzi / 2dZ2 p'^{ui]0^xi)2dxi . p'^{u — Un] Xn^ Zi) 

J a J a 

X Tjz^ (a, s — u) riz 2 (tt, 1? — 5 ) da ds 

Z/i, • • •, 2/m, 2d2/i... 2d^^ 2dz 

poo poo 

/ 2 (iz\ I 2 dz2 • • • 7 *^n7 -^i) 2 dxi... ‘2dXn 

J a J a 

X rjz^ (a, s — u) rjz2 (a, v — s) da ds 

xFvu-,vm,t-v{z 2 , yi,...,ym,z) 2dyi... 2dym 2dz. 


Replacing in (Uni) the deterministic time [3 with the exponential time T yields 
for a < 0 and a < z 


P q{^It £ da^ Hj G ds, Xj' G dz^ 

= rio{a, s) X ds 2dz da, (3.8) 

and, fnrther, 

Po(/r £ da. Hi G ds) = V^e~^^rio{a, s) dads. (3.9) 

We operate similarly in (HH), i.e., introduce the exponential time T in place 
of t. After this we integrate over z, and divide with the expression on the 
r.h.s. in (HH) and obtain for m < s < n 

Po(^n) I Hj s) 

= Fu.,,...,uZ^i,---,Xn,a,s)2dxi...2dxn (3.10) 

X (1/1, • • •, ym] a; S, v) 2dyi... 2dym, 


with 


Fui,...,u„ (^^l) • • • 7 Xn, a, s) 

= P^{Ui;0,Xi) . p^{Un - Un-i;Xn-l,Xn) 


(3.11) 


VoCn (®7 ^ "^n) 

Vo{a,s) 


and 


Grvi,...,Vn (2/1 7 ■ ■ ■ 1 yni 0.1 S, v) 


riy^{a,v- s + Ui) 


X^{V2 - Vi;yi,y2) . lZ{v„ 
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(3.12) 

^m—1, 2/m—1, 2/m) h^{ym 







where is as in JH and 


^{a]x,y) -.= e ^“p+(a; x, y), ^^{a,a):=e ^°r]^{a,a). 


Because 

%{a, a) = Px(-ffa e da, Ha < T)/da 

it is seen from dSUD that F describes the finite dimensional distributions 
of X conditioned to hit a at time s before T. For the claim concerning the 
post-process we remark first that (IXTl) gives finite dimensional distributions 
of the announced fi-transform started from a since 

V - s + Vi) _ ]H{v- s + Vi;x,yi) 

^/^ xla hs^x - a) 

Next notice that proceeding as above we can also compute the conditional 
probabilites for An and Bm o 0 ^ separately and deduce 

Po{An,Bn,o9n\lT = a,Hj = s) (3.13) 

= Po(^n \It = a,Hj = s) Po{Bna o 6^ \ It = a, Hj = s). 

As is seen from (l3Al) the quantity 

Po{Bm oOnllr = a,Hj = s) 

is a function of the difference v — s only, and we find the desired description 
of the post-process by letting vis (and applying the Lebesgue dominated 
convergence theorem). To remove the conditioning with respect to Hj in 
(IXTl) observe from (HID that 

Po{Hj eds\lT = a) = ds 

and, hence. 


Po(A„ I = a) = fA{ui] 0, xi) 2dxi 

Q-ixn-a) \/2A 

X-^(Wn - Un-i; Xn-1, X„) 2dx„ 

which means that the pre-process is as stated, and, moreover, the claimed 
conditional independence holds. 


16 








It is possible to prove claim 1 also via direct computations with finite 
dimensional distributions; however, we do not present this proof since, as 
seen below, the resnlt is in the core of the approach with excnrsions. 
c) Excursion theoretical proof. The excnrsion process associated with the ex¬ 
cnrsions above the rnnning minimnm is defined similarly as the corresponding 
process with running maximum in Section 2. Indeed, let for a < 0 

Ha- := inf{f : Xt < a}, 

and, if Ha- > Ha, 

S“(m) := Xa+Ha - a, 0 <U< Ha- - Ha. 

Then the process 

H- = {=: : a < 0} 

is a homogeneons Poisson point process, and is called the excnrsion process 
for excnrsions above the rnnning minimnm. We remark that is identical in 
law with the excursion process for excursions from 0 of a reflecting Brownian 
motion. The Ito excursion measure associated with is denoted by n~ (for 
different descriptions of n~, see Revnz and Yor M)- 

Let Fi and F 2 be measnrable mappings from C(R+,R) to R+. Now we 
can write 


A ;= E -.uKHi) F^^Xh^+u - It ■- u <T - Hj)) 


= E 



u<Ha)F2{F-M 


u <T - Ha) 1 


{Ha<T<Ha-} 5 


where the sum is over all points of (but simplifies, for every uj a.s., only 
to one term). Let 8 denote the excnrsion space and e a generic excnrsion. 
By the compensation formula for Poisson point processes (see Bertoin |2]) 


A 


la En ( El (X,, 


IT 


X 



: u<T - Ha) l{T-Ha<C}{£) ^ 


daEo{F,{Xa : u<Ha)e-^^<^) 


(3.14) 


X y n (de) Eo (E 2 (e:„ : u<T) 1{t<c}(£)) , 
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where the notation C(^) is for the life time of e and in the second step the 
fact that T is an exponentially distributed random variable independent of 
X is used. Notice that (ixn yields, when choosing Fi = 1, 

Eo {F2{Xh,+u -It ■■ u<T-Hj)) 

= J^n-{de) Eo (F2(£„ : u<T) 1|t<c}(£)) • 

By absolute continuity, 

Eo (Fi(X, : u < Ha)) 

and, since —It is exponentially distributed with parameter we have 

/•O 

A = / da Eq^ {Fi{Xu : u < Ha)) P(/t e da) 

J —CO 

X -^= j n~{de) Eo (E 2 (£« ■ u<T) 1{t<c}(£)) • (3.15) 

Consequently, the processes : u < Hj} and {Xfjj+u - It ■ u < T -Hj} 
are independent and, hence, also : u < Hi} and {Xt-i — Xt : u < 
T-Hj} are independent. Moreover, {X„ : u < Hj} given It = a is identical 
in law with BM(—killed at the first hitting time of a. To prove that 
{Xt-i — Xt : u < T — Hj} given Xt — It = b is identical in law with 
BM(—killed at the first hitting time of —b observe first that 


n (de) Eo (E2(£« ■ u<T) l|r<c}(e:)) 


= A 


dt e n {F2{e^ 


u<t) lp<^}(e)). 


Next we claim that 

dte~^^ n~{F2{eu ■- u<t) l{i<^}(£)). 

poo 

= 2 dbE, F 2 iXii,-u : u < H^)) . (3.16) 
Jo 

Indeed, (13.1611 for A = 0 is formula 5 in Biane and Yor j^l Theoreme 6.1 p. 
79 and the validity for A > 0 is easily verified by inspecting the proof in [Sj 
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p. 79. Hence, by spatial symmetry, 


_ poo 

= V^ / dbE,{e-^^<>F2iXH, 

Jo 


-u-u< Ho)) (3.17) 
-^^-»F2{b + XH_,-u : u<H.t)). 


poo 

= / db Eo ( 

Jo 

Reversing here time and nsing absolnte continnity yield 
Eo{F2{Xt-Xt-u :u<T-Hj)) 

poo 

= Vn db Eo F2iXs : s < 77^)) 

Jo 

poo 

= Vn db (F2(X, : s < H,)) 

Jo 

which proves the first claim of the theorem. 

It remains to verify claim 2 (iii). For a fixed f > 0 we obtain from (nm) 

^ := Eo [F2 {Xh;+u — It ■ u <t) l{t<T-Hi}) 

poo 

= / db Efc (e F 2 {Xho-u ■ u < t) • 

Jo 

According to Williams’ time reversal theorem the process {Xhq-u : 0 < m < 
Ho} under Pfe is identical in law with BES(3) started from 0 and killed at 
the last exit time at b. Consequently, letting ■jb denote the last exit time we 
have 

^ _ poo 

A = / db Qo F 2 {Xu ■. u < t) 

Jo 

= db Q,o[f 2 {Xu : u<t) Qxt 1 { 76 > 0 }) ) 

by the Markov property. The distribution of jb is well known (see Pitman 
and Yor PI) and it holds 


Q, (e-"-'* ^ sh((6A r)VM) 

rv2A 
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We have now 


A = Qo (^F^iXu ■ Qx, l{7.>o})) 

= e-“Q„ |^F 2 (A'. :u<t) j 

^ Qo ^^2(77 : u<t) l{t<T}^ . 

where hj, is as in ((121). Define hi^{x) := hj,{x)/x for x > 0 and fi4(0) := a/^, 
and notice that /i 4 is right continuous at 0. Consequently, 

Eq {F 2 {Xhj+u - It '■ U <t) I{t<T-Hi}) 

= Qo i^ 2 {Xu : u <t) • (3.18) 

It is easy to verify that for x > 0 

G^hJx) — XhAx) =-< 0, 

X 

where G^ is the infinitesimal generator of BES(3), see (l2.fiD . Using Ito’s for¬ 
mula it is seen that fi 4 is A-excessive for BES(3). Consequently, the post 
/^/-process is identical in law with the Doob fi-transform with h = of 
exponentially killed BES(3). The generator of this transform can be com¬ 
puted in the usual way, and is seen to coincide when a = 0 with G^ given in 

dSH). □ 

Remark 3.3. 1. Informally, given It = a the post-Hj-process is identical in 
law with a Brownian motion killed at time (:= T A Ha and conditioned by 
the event X^_ > a. Let denote the probability measure associated with 
the diffusion Z introduced in Theorem m Then for any finite stopping time 
U and Au G Xu it holds 

Pf (Ac/) = —^--E, {h{Xu - a)-Au,U <T A Ha) 

n. 3 (x — a) 

= Px (A[/, U < T A Ha I X(^_ > a). 

The diffusion Z can alternatively, as is seen at the end of the above proof, 
be described as the Doob h-transform with h = of exponentially killed 
BBS (3). 
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2. From Theorem I, ‘121 it is clear that {Xt : 0 < t < Hj} and {Xnj+t — It ■ 
0 < t < T — Hi} are independent. In particular, X^ — It 3 .nd It are 
independent. This last property is also easily verihed by analyzing the joint 
distribution of Xt and It 

Po(/t £ da,XT G dz) = dadz, a <0, a < z, 


which is obtained from HD by integrating with respect to s. Moreover, 
Xt — It and —It are seen to be identically distributed the common distribu¬ 
tion being the exponential distribution with parameter (cf. also id.201) 
below). 

3. Notice also the fact that Hi and T — Hi are independent and identically 
Gamma(l/2, X)-distributed, i.e.. 


Po(Hi e du) = Po(T -Hie du) = 6“^“ da, a > 0. 

Next we recall the formulas (see 0 p. 173) 

^ ^ ch(i(6 + a)\/^) 

Po(dr G da, St e dh) = X —- -j=^ dadb, a < 0 < b, (3.19) 

ch (|(6 — a)V‘2X) 


and 

Po(dT G da) = V^e°''^da a < 0. (3.20) 

We need also the following result derived as a corollary to Theorem 13.21 but 
which can also be deduced from the formula 1.1.28.2 p. 191 in 0. 

Corollary 3.4. For a < 0 < b 


PoiHi < Hg, It G da, St G db) 

('ch((6 — a)\/^) 
= 2A ^ 


1) sh(6v^) 


sh^((6 — a)V^) 

Proof. The conditional independence stated in Theorem 13.21 yields 


dadb. (3.21) 


Po(id/ < Hg, STedb\lT = a) 

= Po{Hi<Hg,SH„Tedb\lT = a) 

= Po{Shj,t e db \ It = a) Po{Shj < b \ It = a), (3.22) 
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where 


Sh,,t := sup{Xi : Hj<t<T}. 


From the description of the pie-Hj process we have using the well known 
formula, see e.g. [i] p. 309, 


Po{Sh, <b\lT = a) = Po^{Ha < H,) 

^ g-av^ Sh(&v^) 

sh((6 — a) a/^) 

Using the h-transform description of Z (cf. R em ark (3.311 

Po(^H„T >h\lT = a) = P^iH, < oo) 



hsib — a) sh((a: — 

hm ——--- -=^ 

x[a h^{x - a) sh((b - a)\/^) 

I _ g-(b-a)v^ 


(3.23) 


sh((6 — a)\/^) 


The formula is now obtained from when multiplying with the 


density of It given in (13.201) . 


□ 


We proceed by refining the path decomposition presented in Theorem 
o Recall that Q((, with p, a; > 0 denotes the measure under which the 
coordinate process X = {Xf : f > 0} is a BES(3,/i) started from x (see jinD 
for the generator). 

Theorem 3.5. Conditionally on Hj < Hs, It = ci, St = b it holds that 

1. the pre-Hj-process {Xt : 0 < t < Hi} is identical in law with (b — Xt : 
0 < t < Ht,_a} under 

2 . the intermediate process {Xnj+t '■ 0 <t < Hs — Hi} is identical in law 
with {a-\- Xt : 0 < t < Ffb-a} under 

3. the post-Hs-process {Xng+t ■ 0 < t < T — Hs} is identical in law with 
a diffusion Z° started from b and having the generator 



Xg{x) 


9{x) 
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where a < x < b and 

g{x) = sh((6 — a)v^) — sh((6 — x)\/^) — sh((a; — a)v^^), (3.24) 

4. the pre-HI-process, the intermediate process and the post-Hs-process 
are independent. 

Proof. From Theorem 13.21 using symmetry of BM, it is seen that condition¬ 
ally on St = b 

PI. the processes {Xt : 0 < t < Hs} and {Xus+t '■ 0 < t < T — Hs} are 
independent, 

P2. the pre-i^s-process {Xt : 0 < t < Hs] is distribnted as BM(a/^) 
started from 0 and killed when it reaches b, 

P3. the post-iJ^-process [X^g+t : 0 < t < T — Hs} is a diffnsion started 
from b and having the generator 

For the pre-iP^-process we apply the path decomposition theorem of 
Brownian motion with drift as given in Tanre and Vallois UBI Proposition 
3.2. To recall this, let 

Ih^ := infjXi : 0 < t < ff/,} and ffb := inf{t : Xt = IhJ. 

Then, under Pq, conditionally on = « 

P4. the processes [Xt . 0 < t < Hb} and [Xp^^^ : 0 < t < Hb — Hb} are 
independent, 

P5. the pre-iPfc-process {Xt . 0 < t < Hb} is identical in law with BM(—/i) 
started from 0, conditioned to hit a before b, and killed when it hits a. 

P6. the post-iffc-process {Xp^_^^ : 0 < t < Hb — Hb} is identical in law with 
{a Xt : 0 <t < Hb-a} nnder Qg. 
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Let Fi, F 2 , and F 3 be measurable mappings from C(R+,R) to R+, and 
introduce 


Fi := F,{{Xt : 0 < t < Hj}), := F2{{XH,+t : 0 < t < R 5 - Hj}), 

and 

F 3 ■= FsdXns+t ■ 0 < t < T — Hs}), 

where it is assumed that Hi < Hs- Notice that 


Hi<Hs 

^Hs,T ■— inf{X„ ; 

Hs < M < T} > Ills 

and 

Consider now 

Ihs,t > Ihs 

Ihs - It 


Eq {F1F2F3 ; It G da, Hj < Hs \ St = b) 

= Eq (F1F2F3 ; Ihs G da, Ihs,t > a \ St = h) 

= Eq {F1F2 ; Ihs ^ da \ St = h) Eq (F3 ; Ihs,t > o> \ St = h), 

where in the second step the conditional independence (see PI) is applied. 
The first term on the right hand side can be analyzed via properties P4, P5 
and P6. In particular, claims 1 and 2 of Theorem 13.51 follow with the help of 
Lemma ESI Moreover, PI and P4 yield claim 4. 

Next we prove claim 3. For this let denote the measure in the canonical 
setting associated with when started from x < h. Hence, 

Eq {FsUXhs+u ■ 0 < M < t}) 1 {t<T-Hs} I Ihs,t > a,ST - b) 

= E^ {F 3 {{Xu : 0 < M < t}) lit<c} I > «) > 

where ( denotes the life time and the global infimum. By the Markov 
property, 

Ei {FsiiXu : 0 < u < t}) ; t < C, Ii; > a) 

= Ei (f3({X„ : 0<u<t}) Pxt (k > «)) • 

Clearly, for a: < 6 

Pi(/i > a) = Pi(7/„ = «d) = 1 - Pi(i/„ < «d), 
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and computing as in we obtain 


hs{b — a) sh((6 — x)\/2\) 
h^{h — x) sh((6 — a)\/2X) 


with hs as in (jl2l). Consequently, after some elementary manipulations, for 
X G (a, b) 


Pi (^C > a) = hix) := 


9{x) 


h^{b — x) sh((6 — a)\/^) 
with g as in Since is the Doob h-transform with h = h^{b 


■) of 


BM killed at time T /\ Hu li follows that 


EJ (f 3 ({A'„ : 0 < !i < «}); « < C I /{ > a) 


= Ei 


= limE^ 

x-\b 

= limE^ 

x^b 


KjXt) 

hib) 

hs{b-Xt)hiXt) 


Fs{{Xu : 0 <u<t})-,t<C 

F3({X„ : 0 < u <t}) ] t <T A Hb A Ha 


hs{b - x) hbix) 
9{Xt^ 


9{x) 


F3{{Xu : 0 < u < t}) ] t < T A Hb A Ha ] , 


and this yields the description 3 of the post process. 


□ 


Remark 3.6. 1. Informally, the post-Hs process is identical in law with a 
Brownian motion killed at time ( := T A Ha A Hb and conditioned by the 
event Xq_ G (a, 6). Indeed, from n 3.0.1 p. 212 

P, (X^G(a,6)) = P, {T<HaAHb) 

= Ej; (1 - exp(-Aifa A Hb)) 

^ sh((6 — a:) — sh((x — a)\/^) 

sh((6 — a)\/^) 

^ 9{x) 

sh((6 — a)V^) 


2. It can he proved that the process {XT_t : 0 < t < T — Hg} , i.e., the time 
reversal of the post-Hs-process is identical in law with {a -\- X^ : 0<t< 
Hb-a} under with f a random variable independent of X having the 

density 

f^{x) = e-^^/(l - 0 <x<b-a. 
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Consequnetly, for 0 < x < b — a 


P(^r -Xredx \ ST = b,lT = a, Hi < Hs) = f^{x) dx. 


4 Maximum increase and decrease 


In this section we apply the results from the previous sections to find an 
expression for the joint distribution of the maximum increase and the maxi¬ 
mum decrease of Brownian motion up to an independent exponential time T. 
As stated in the Introduction the law of {Df~, D^) under Px does not depend 
on X and, hence, we write in the sequel P instead of P^,. 

For s < t define the maximum increase on the interval (s, t) via 

■= sup {Xy - Xu) 

s<u<v<t 

and, analogously, the maximum decrease 

■= sup {Xu -Xu). 

s<u<v<t 

With these new notations we have Df = and = D^j.. 

The path decomposition given in Theorem 13.51 leads us to the following 

Proposition 4.1. 1. For —a < d < b — a 


P{DJ,^ <d \ Hi <Hs,It = a,S t = b) 

_ S^{a + d){S''{b)- S-'ia)) 

~ 5^(6)(5^(a + d)-5^(a)) 
sh((a + d)'/^) sh((6 — a)\/^) 
sh((i sh(6 
=: /i(d;a,6). 


where S'^ is as El with V = — i.e., 


S\x) 


1 

2v^ 


g2v^a; 


1 ) 


^ sh(a:v^). 
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2. For 0 < d < b — a 


<d\Hj<Hs,lT = a, St = h) 

S'^{b — a) ( b — a — d 

= ■ V 

= !!fc^^exp (-(6 - a - d)V^ coth (d VW)) 

= : f2{d;a,b) 


3. For 0 < d < b — a 

<d\Hj<HsjT = a,S t = b) 

sh((6 — a)V^){ch{dV^) — 1) 
sh((iA/^)(ch((6 — a)\/^) — 1) 

=: f^{d]a,b) 

Moreover, conditionally on It, St and Hi < Hs the variables Dj^^, Djj^ 
and DJig^T independent. 

Proof. Claim 1. Because 

Df = sup I sup Xu — Xu 

0<i;<t \0<u<v 

and since, conditionally on It = a, Hi is the first hitting time of a we have 

Djj = sup Xu - a 

OKv^Hj 

and, hence, for —a < d < b — a 

{D-^ <d} = {Ha < Ha+d}- 
From Theorem m and Lemma lO it follows that 

P{Djj^ <d\Hi<Hs,lT = a,S t = b) 

= Clf^{H^-a < H^-a-d) 

= Pf\Hi_a < Hi_a-d I H,_a < H^). 
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Since {b — Xt : t > 0} under 'P'^ is distributed as {Xt : t > 0} under 
Pq we have 


<d\Hi<Hs,lT = a,S t = b) 

= P^^{Ha < Ha+d I Ha < H,) 

= Po'^iHa < Ha+d)/Po'^HHa < H,) 

_ S'^ia + d)- ^^(0) S'^{b) - S^{a) 

~ + d)- S''{a) S'^ib) - ^^(0) ’ 

where the fact that S'^ is the scale function of BM(—a/^) is used. Observing 
that for y > X 

S^{y) - S'^{x) = ^ sh((|/ - x) 

leads immediately to the claimed formula. 

Claim 2. This follows directly from Proposition 12.51 and Theorem Id.51 
Claim 1. Using again Theorem Id.51 


P{D-^^^ <d\Hi<Hs,lT = a, ST = b) = PriH^-d = +oo). 

By the /i-transform description of Z° (cf. Remark Id. 611 . 

Pr{Hb_d < +oo) = limPf°(Pfb_d < +CX)) 

x^b 

= lim -^E^{g{XH^_^) ; Hb-d < T A Hb A Ha) 
x'lb g[x) 

= lim ^ 

xTfe g{x) 

g{b — d) sh{{b — x)\/^) 

9{x) sh{dV^) 

where g is as in (ItM . i.e., for a < a; < 6 

g{x) = sh((6 — a)v^) — sh((6 — a;)v^) — sh((a: — a)V^). (4.1) 

Straightforward computations yield now the claimed formula. □ 


28 









Applying symmetry properties of Brownian motion gives us the following 
formulas 

<a, D^P < j3) = P(-Dr < P, Dp < a), (4.2) 

PiD+ < a, Dp < P, Hs < Hj) (4.3) 

= P(£>r < P, Dp < a, Hi < Hs), 

and 

P{D+ <a,Dp <p) = P{D+ <a, Dp < p, Hi < Hs) (4.4) 

+P{Dp<p,Dp<a,Hi<Hs). 

The distribution and the density function of {Dp, Dp) will result as a corol¬ 
lary of the next theorem when applying the formulas (US), (UHl), and (D. 

Theorem 4.2. For P > 0 and ip : R+ i—*• R+ bounded and measurable it 
holds 


E{ip{D+)-,Dp<P,Hi<Hs) 


(4.5) 


= 


dx p>{x) exp (—{x — P)V2X coth (/3 V^^) 


[chjpV^) -1)^ r 

slPipyM) Jf3 

/— (ch(a;\/^) — 1)^ 

+Vn dxifix) ^ ^ I . 

Jo sh^xV^) 


Proof. Notice first that if Hi < Hs then 
Dt = 

and, therefore 


P — It and Dp — V D^^ V D^^ p, 


/\-=E{ip{Dp)-Df<P,Hi<Hs) 

= E {ipiSr - It) ; D],^ < P , <P, Dj^^p < P, Hi < Hs) . 

Taking the conditional expectation with respect to the cr-algebra generated 
by {It, St, 1{Hi<Hs}) and using Proposition 14.II we obtain 


r» + O0 


A = 


da 


db(p{b — a) f{a, b) 


(4.6) 


xl{/3>-a} {fi{p;a,b) f 2 {p;a,b) fi.{p-,a,b) l{(i<h-a} + l{/3>fe-a}) 
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with fi, i = 1,2,3, as in Proposition 14.11 and 


('ch((6 — a)^/^) — l') sh(6v^^) 

^- 

sh^((6 — a)\/2A) 

= P(/t’ G dcL, S'j' G db^ H] < H/dadb 

(cf. Corollary 13.411 . Introducing in (14.611 new variables via x = b — a and 
y = b allows us to write 


A 


3 

dxip(x) (Ai(a;)A 2 (i 


.'i I /\^t. 


(4.7) 


where 


Ai(a:) := ^sh^^/3\S) ~ coth (/3 v^)) , 


A 


2 ( 0 ;) := l{/ 3 <x} / sh (( 1 / - a; + /5)v^) dy = 
Jx-I 3 ^ '' 


chifdV^) - 1 


l-{/9<x}. 


and 


2 A (ch(a;V^) - 1 ) rx 

^ 3 ( 3 ;) := - ^ , 3 , . -l{/3>x} / sh(2/v^) dy 

sh (a;v2A) Jo 

(^ch(a;v^) - l)^ 

” sh=>(xj2A) 


The claimed formula gSD results now easily from (HH). □ 

Before giving results for the joint distribution of and we consider 
the marginal distributions under the condition Hj < Hs. 

Corollary 4.3. For a,P > 0 


(ch(av^) - 1) 

P(L>^ G da, Hi < Hs) = -—^=-- da, (4.8) 

sh'*(aV2A) 
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and 


P{D^<a,Hj<Hs) 


ch{a'/^) — 1 
2(ch(av^) + 1)’ 


P{D^<P,Hj<Hs) 


ichjfdVn) - l)(ch(/?v^) + 2) 

2 {ch{(3V^) + 1 ) ch{(3V^) ’ 


P{D+ < a) 


1 

ch(av^^) 


(4.9) 

(4.10) 

(4.11) 


Proof. Letting /3 —+cx) in (Hi yields (Hi. To compnte the distribntion 
function in (Hi notice that 


(ch(Q^V^) ij sh(a'\/^/2) 
sh^(a\/^) ~ 2ch^(a\/^/2) 


and hence 


P(D+ <a,Hj< Hs) = 


^ ch2(av^/2)) 


1 

2 


1 - 


1 + ch{aV^) J 


). 


and (Hi follows easily. Choosing 93 = 1 in (Hi, integrating therein and 
using the above computation it is straightforward to derive (llTOl) . For (HtID 
use (14.41) . (14.81) . and (14.101) . □ 


The proof of Theorem 14.21 shows that the way to express the law of 
{Df,Df) in (14.51) is very natural. However, we need also "more standard" 
representations obtained when choosing in (14.51) ip{x) = l{a;<a}- 

Proposition 4.4. The distribution function of {Df, Df,l^Hi<Hs}) is given 
for a, fd >0 by 


P{D+ <a,Df < 13, Hi < Hs) 


1 ch((a A /3)\/^) — 1 

2 ch((Q! A /d)\/^) + 1 


ch{f3V^) - 1 

ch{(3V^){ch{(3V^) + 1 ) 

X ^1 — exp (a — (3)V^ coth {(3 v^^)j j 


(4.12) 
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Notice that 


Hi < Hs ^ D^>Dj,, (4-13) 

explaining the appearance of the indicator function l{/ 3 <o} in (14.121) . More¬ 
over, combining (HU) with (1121), (D, dH, and yields 


Proposition 4.5. The distribution function of {Df^, Dj,) is given for a, fd > 
0 by 


P{Df < a,Drp < j3) 


u{a, P), a < P, 
u{P, a), a > P, 


(4.14) 


where ^ 

u(^Oi, P') . 1 — P') 

ch(Q;v 2A) 

and 


v{a,p) 


{ch{aV^) — 1) exp (/9 — Q!)A/^coth (ct v^2A) j 

ch{a^/^){ch{a^/^) + 1 ) 


(4.15) 


In particular, 

> a, Df < P) = v{a A P,a\/ P). 

We are now able to determine the density function of {Df,Df). Differenti¬ 
ating in (14.141) leads after some calculations to 

Proposition 4.6. For a,P > 0 

P(I1^ G da , Df G dP) = f+-{a y P, a A P) da dp, (4.16) 

where with x > y > 0 


X exp {x — y)V^ coth {y v^^) j . 

Remark 4.7. To increase understanding of the distribution of 
notice that 

P{Df G da , Drp G dp \ Hj < Hg^ — 2 _(q;, /3) da dp. 


f+,-{x,y) : = 


2A 


{ch{yV^) + 1 )^ 


2 + 


{x-y)V^ 
sh(?/ v^) 
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Consequently, for a > 0, /3 > 0 

P(D+ - Df eda, Df edp\Hi < Hg) 

= 4A / ^ \ 

(ch(;3VW) + V sh(PV2X)) 

X exp coth (/3 j dad(3. 

Define two new random variables 

X := {D+ - Df) /sh{V^Df) 

and 

Y := chiV^Df). 

Then for x > 0,y > 1 

2(2 + x) 

P(X G dx, Y E dy\ Hj < Hs) = 7 - 77 dx dy. 

Y + y) 

In particular, for y > 1 

P(K edy\H,< Hs) ^ % 

and for m > 1 

p(r > «I//, < i/s) = 

+ u) 

Finally, as an application of Proposition l4.6l we compute the covariance of 
Df and Df (up to a fixed time t) and determine therefrom their correlation 
coefficient. 

Corollary 4.8. For all t > 0 

E(D+) = /3(1) y/f = y/f ~ 1.25331 Vi, 

E{{Dff) = 2 ;3(2)t ~ 1.831931, 

and 

Ei^DfiDf) = (2/3(2) -2 log 2 + 1) t ~ 1.445641, 

where 

00 

/?(«):= ^(-l)'=(2fc+l)-", n = 1 . 2 ...., 

k=0 
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Remark 4.9. 1. Recall from Abramowitz and Stegun |iy p. 807, that (3{n) is 
called Dirichlet’s (3-function. In particular, (3{1) = 7r/2 and (3{2) = 0.91596... 
is Catalan’s constant. 

2. The variance of is 


Var(B+) := E ((B+)") - (E(D+))" - 0.26113t. 


The correlation coefficient p between and does not depend on t and 
is given by 


P ■ = 


E(Dt Dl) - {E(Dt) f 
Var(B+) 


~ -0.47936. 


(4.17) 


Proof. From the scaling property of BM it follows that 


VfiDt,Df). (4.18) 


Since E(-\/T) = ^/ir/X and T is independent of the underlying BM we have 
using dlUl) 


E(D+) 


e{Vt) 




P{Di^ > a) da 





m, 


where the series expansion 


(chw)-^ = 2e-“ 

k=0 


is used. This yields the first formula in the statement of the corollary. For 
the second formula we compute similarly: 


E((Z1+)2) 


E(T) 


2A 



P(ZlJ > a) ada 



u 

chu 


du 


2/3(2). 


Next we determine ). Firstly, 


E{DtDf) 


E{D+ Df) 
E(T) 


A 




> a,Df 


> (3) da d(3. 
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Supposing a < 13 we have from (imi) 


P(L>^ <a,D^ < p) = 1- 


v{a,l3) 


ch{a^/^) 

= P(-Dj < a) — v{a, (3) 

with V as given in (14.1511 . Consequently, 

P(I1^ < a, > (3) = n(a, /3), 

and 


P(D^ > /3) - V{D+ > a,D^> {3)= v{a, f3), 


which gives 


P(I1^ > a, Drp > (3) = 


c\i{(3s/^) 

Hence it holds 

/ CO poo 

P(Z1^ > a, DTp > (3) (3(3 = i 
where, by elementary integration, 


v{a, (3), a < (3. 


ch{(3^/^) 


dp— v{a,P)dp, 


v{a, P) dp = 


(ch(aA/^) — 1) sh(Q!A/^) 
(ch(av^))2(ch(ay/^) + 1)' 


By symmetry, we have 

E(DJ Cf) = 2A (jT 


CO poo 

da / dp 


r*oo /*oo 


U 

chw 


du — 


ch{pV^) Jo 

(chn — l)shM 


da / dp v{a, P) 


du 


0 ch"^M(chM + 1) 

“ x- 1 


n 

2 ^(-i)‘( 2 *; + i)-"- / 

k=0 


x^{x + 1) 


dx 


= 2/3(2) -2 log 2- 1. 
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Remark 4.10. Recall that 


pco 

E(T^’/2) = a / g-At + p)l2)/XP/^ 

Jo 

With this formula it is now fairly straightforward to connect the pth moment 
of Df with Dirichlet’s f3-function. Indeed, for p > 1 we have 


E((D+n = 


E((D+)P) _ \P/‘^p 


E(TP/ 2 ) 


r( 2 ±E; 


P(Dj > a) aP-Ua 


p 


2 p /2 


2 J 0 

^ Pipy 


^ dt 
cht 


2p/2r(- 
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